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IN. On some Definite Integrals, and a New Method of Reducing a Function of
Spherical Co-ordinates to a Series of Spherical Harmonics.

By ARTHUR SCHUSTER, 7 .S,
Roceived May 30,—Read June 5, 1902.

§ L. Lutroductory.

ThE following investigation deals with some definite integrals which ave useful when
it is desired to express a function of two angular variables by means of a series of
spherical surface harmonics. An important theorem concerning these integrals leads
to a method which considerably reduces the arithmetical labour involved in the
reductions, and secures in practice the advantage of obtaining the numerical values
of the coefficients of lower degrees independently of those of higher degrees.

The zonal harmonic of degree n is denoted by P, and defined as usual by

) 1 ar
B I A I 2 1 \ir
Po= g e W1

The tesseral harmonic of degree 1 and type o is denoted by
T7 = Q5 (g7 cos o + 47 sin o),

. aep,
where Q7 =sin”0 ",
au”

In these equations # represents an angle measured on a sphere from a point as pole
and p = cos §. The longitude measured from some standard meridian is denoted
by ¢.

The name given by Heixg, and translated by Topuuxter as ©* Associated Functions
of the First Kind,” is toc cumbersome for use, and I proposs to call these functions
“Tesseral Trunctions.”  The tesseral function is converted into a tesseral harmonic by
the factor cos o or sin op.  The name may not perhaps appear to be appropriate,
because it is only the factor which gives the function its “tesseral” character, but it
is short and suggests at once the function it denotes.

The present investigation deals in great part with the doefinite integrals, taken over
the surface of a sphere of unit radius, of the product of two tesseral functions and of

(324.) ' 18.12.02
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182 PROFESSOR A. SCHUSTER ON SOME DEFINITE INTEGRALS,

the product of a tesseral function and cos pd or sin pd, the tesseral functions being all
referred to the same axis. I shall denote, as usual, the factorial product of the
numbers up to # by n!, but have found it necessary to introduce a separate notation
for the products of successive even or successive odd numbers. 1 consequently define

nllt=mn.(n—2)1.
Starting with Lit=1, 211 =2,
it follows that, for positive values of 7,
[

R A A TR .

where the last factor is either 1 or 2, according as # 1s odd or even.
We may extend the definition to negative values of the argument, for the successive
y X > 3
substitution of n =1, n = — 1, n = — 3, into the first equation, gives

(= D=1, (=)= (—5)=1

and generally if # is negative and odd,

-1 L
I LT
= (= 1)
( ) (—mn — 23!
For 7 == 2, the original equation gives 011 =1,
e Sy 1t o
fl/c-—-(}, (MZ};;.,._¢,

and similarly for all negative and even values of 7, % ! ! is infinite. The ratio of two
of these factorials of negative numbers is, howeves, finite, for it is easily shewn that
if m and 7 be two negative numbers, whether even or odd,

One of the advantages of a separate notation for what may be called the “ alternate ”
or “double” factorial, is due to the fact that it often saves the inconvenience of
different expressions for odd and even numbers.

$ 2. Formula of Transformalion.
Tt is convenient to collect together some equations which will often be required.
Most of these equations will be found already i previous writings, such as Hiwing's
Treatise or Apamg’ “ Researches in Terrestrial Magnetism.”
As regards zonal harmonics, it is only necessary to quote the well-known relations ;
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WITH APPLICATION TO SPHERICAL HARMONIC ANALYSIS. 185

Cn+1)pP, =04+ 1)P, 40P, . . . L (1),

(/l 04 (q)vl_J
(20 4 )P, =" =T 2).

From these equations we derive the following :
@2n+ N)pQl=n—0c+1)Qu+n+ao)Q . . . . . . . . . (A),
(2n41)sin0Q=Q 1 —QL . . . . . . . . . . . ... .. (B,
=m+o)(nto—-1)QI—n—0c+2)(n—0c+1)Q1. (C),
2 o) o= QI Q L L L L)
=Qu+t—0o+2)n—c+1)QT . . . . . . . (E),
A —=Q=(+o—2)(nto=3)Qi—(n—0+2)(n—c+1)Q*. (F),

L
Oy
(2n 4 1) I sin® 0 1#”

= (n+o)(n4+o—p-41)sin"? 0([;1;:1 —(n—o+1)(n—o-+p) Sil‘l“"gﬁdq’l)"“ . (G,

du”
d . doP, 7P, B P, N
20@ snvf)/;mv:(zcr—p) sin® 6 - durit p(n4o)(n—o-+1)sin" gAi._& t(H),

As special cases of (G) and (H) we may put p equal successively to o, o 4 1, and
o + 2. The following equations are thus obtained :

(M+Uﬂﬁﬁyxxw+ww+de—n@+1~®@H.'@m
Zsin 0 Q=Qt = (b o) n— e DI L (H)
(m+Uwﬂimﬂm=“@+ﬂZq“@+Uw+l—®%H.@%
2q£mwQﬁdo—UQW—40+UW+GHW~U+UQTI.(mx
(2n+1) unmx—w—ww+wa”-w+ww—a+uQ% (Gy),
%ﬁﬁmWQm=w—2nm6m“~&w%mm+vﬂn—o+1nmem*(HJ

The formula (A) is well known and may be obtained by o differentiations of (1),
substituting in the result an equation derived from o — 1 differentiations of (2).
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184 ~ PROFESSOR A. SCHUSTER ON SOME DEFINITE INTEGRALS,

Equation (B) is the result of o differentiations of (2), and multiplication by
sin“*' 0. (C) may be proved by combining

av o AP, 7P, a°P, Ao,
e e ~ —— T - ~ i s - — (7 e 1 R
A ’M ) dpe ' ® ) (l,u"“ Zpo dp’ oo (Z,uf’*1

with the fundamental equation for zonal harmonics. The latter leads directly to

(Z‘T~ 9 (TPn . dr)“mil‘
'(w(l ) b= dﬂmn(n +1).P,

from which we derive (by equating the two expressions on the right-hand sides) :

gjo+1ypy JIY> o—1p
i DR P,

T o= 2po ;1/1, — (1 A4 o) (1= o 1) 'f/l]ld/o‘il ’

(1= p)

g

or, after multiplication by (1 — u*)?,
sin 0 Q7 = 2u0 Q) — (1 4 o) (1 — o - 1) sin Q"

I pQg be now substituted from (A) and sin 6 Q7" from (B), the equation (C) is

Wi
obtained.
If o — 1 be written for o in (B) and o 4 1 for o in () we may combine the two
“equations, so as to give (D) and (). (F) is an important relation obtained from (B)
and (C).  The formule (G) and (H) are easily derived by direct differentiation and a
few simple transformations.

It the equation (H,) is integrated with rvespect to p between the limits — 1 and
- 1, the left-hand side vanishes at both limits: hence, after changing from o 4 1
to o,
+1]

1 ¢
W7 dp = ; ? S o = 1) (n— o4 2) Q7 dy,
S o—2

S

and, by applying the same process to the vight-hand side,

+1
= ‘0_"?" 1 (nto—1yn+o—3)(n-—o+2)(n—0cd+ J()" Q2" dp.
e s |

Repetition of the same proceeding will ultimately lead for even values of o to

o, o (nto - 1)l
LQ”(""‘"z (=)
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WITH APPLICATION TO SPHERICAL HARMONIC ANALYSIS. - 185

But

+1 dp,l_“ —
f ( P, ) ) dp 2[#1%] ;

+1 > 9 72t n l B 1 P 9
( Qnd/i:_(-l(l““)}m C’“:ZL mgw =21

[Lp—

where the special case n = 0, for which the integral vanishes, is excluded.
Hence

1
[ Qi = 4,if nbe even; = 0, if n be odd;
-
and finally

e 7 o (o= (—=2)1 . '
L]Q,,,d,u_uz(r (h—o)l (1)l -1» if o and n be even;

= 0, if' o be even and » odd.

For odd values of o, it is more convenient to use formula (Gy), which leads to :

M (ngo=1)(n—=2) [,
.(»1 Hlp = (n o) (n+ 1) _(anzd.u-

By repetition of the same process, we get for even values of n ultimately

_ (4 o=1in—2)i gl 1 j’“

+1
jl,l 7 dp = ”(n-(r”'(n—kl)" (a—d)"(?o’-—‘))" ”ld%

As the expression under the integral sign of the right-hand side vanishes, the
value of the integral on the left-hand side is zero.
When 7 is odd we are ultimately led to

S (s _—1)"(11—)"(<r+l)' 1
v — (n + o <) ] J’
L,Q”"”“ oD (o2 (2o~ 1] Fdm

But

? !

+1 +1 T
j' dep::(:'zo'-—l)!![ sin"ﬁd;u:(Zo-——-])!![sin"”ﬁ(lﬂ~~ (20 —1)!!m,
~1 —1 <0

(7 4+ 1) H
Collecting the results, we may put generally

()’L'{' 0"""1)”(77/"*9)’.

(n~a)li(n+ 1) , 1f n 4 o be even,

j Qo dp = co
where ¢ is equal to 2 or # according as o be even or odd. When (n + o) is odd, the
integral vanishes.

The results of this paragraph allow us to represent a quantity which is constant
over a sphere, in terms of a series of tesseral functions which are all of the same type,
the type being arbitrary. It follows that we may express cos oA and sin ¢X in terms
of a series of tesseral harmonics of type o.

VOL. CC.——A, 2 ®
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186 PROTFESSOR A. SCHUSTER ON SOME DEFINITE INTEGRALS,
To find the values of the coefficients of such a series we put
cos op = Ale 4 A7, 19, + .o AT 4.

and integrating over unit sphere, after multiplying as usual by Tg, we find

2 41 I bl : !
0 Y1 S0l

2n + 1" (n—a)!

Substituting on the left-hand side the integral found above we obtain

" 2n 4+ 1 (n— a)! (4o~ n—2H 2n+1 (n—a—1)11(n—2)1,
An = COo T o . T ' N1t = oo . ' T
2 (n+ o)! (n == o)lt(n+ 1)t 2 n+a)ll(n+ !

where ¢ is 2 or & according as o and 2 are both even or both odd.
We obtain, for instance, in this way for o = 2,

2}

, H 9 15 )
1— 2 024 7 02 ()2
2—“],.2.3‘4:(23’+3.-;L.5.6(%1’+5.6.7.8(\’6+'“

+1 +1
§ 4. ( Q7 sin* 0 dp, [ l,u(g; st dp.

If we put p = ¢ 4+ M4 2 in equation {G), and after changing from n 4 1 to a,
integrate both sides, we obtain :

_(to—Dn—=2r— ?)F

41 1
: - A - o A — - ‘|.i )\ (V o /
.{»1 sin* 0 QF du R sin* 0 Qf_, dp

—1

(mto—DHm+o=3)n—-r=20r=N=14 j e 007
(n—0a)y(n—0—2Yn+nr+1)n+1~—1) sin® 0 Qs .

-1

If n — o be odd, a continuation of this process reduces the degree of the tesseral
function on the right-hand side until it becomes smaller than o, and this will happen
before any of the factors in the denominator become zero, so that in that case the
integral on the left-hand side is zevo.

If » — o be even, the integral on the right-hand side ultimately becomes

+1 . " . N4+ o)l

PoA - — R S Ao+ e (D T A TGO
( sin* 0 Qrd _Zo--—‘l:;jsm 0dl = (2 — 1)!! C
| Q7 dp = ( ) . ( ) A4+ 1)
where ¢ is 2 or 7 according as A 4+ o is even or odd.

The ntegral to be determined now becomes

(n+o—1)(c+N)t

+1 ! , .
o 1A y — 7 x- (3 i wn — e s o o —
&1 s sint 0 dp = ¢ it [( ==\ == 2) (n— N\ — 4) (o0 —N)] (f

i — o be even)
= 0, 1f n - ¢ be odd.
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WITH APPLICATION TO SPHERICAL HARMONIC ANALYSIS. 187

A little care is necessary in the interpretation of the square bracket on the right-
hand side. All the factors of the product contained in it may be positive or
negative, but when \ is intermediate between n and o, some may be positive and some
negative. In the latter case, one of the factors will be zero when o — \ is even, and
in that case the integral on the right-hand side is zero. The above expression does
not include the special case n == 0. By extending the notation of double factorials
to negative numbers as defined in § 1, we may also write, including the cases when
n — X, or both n — X\ and o — A, are negative, or when n = o,

(n+o—=1!e+N)!(n—-r—=2!
(n—o)ti(c—A—=2)!(n+ 1+ 1!

if n — o be even,

+1 .
( Q7 sin* 0 dp = ¢
L}

= 0 1f n — o be odd.

+1 '
The integral I pQ; sin* @ dp reduces to the one just determined with the help of
-1
equation (A). We thus find :

(m+o)!l(c +M)!H(n —r—3)!!
(n—0o—10Ho—1x—2)1n+N+ 2)!!

1
[ pQrsin o dp = c if n — o be odd,
-1

= 0 if n — o be even.

The factor ¢ takes, as before, the value 2 or 7 according as o + X is even or odd.
For the special case o = 0, the tesseral harmonics reduce to zonal harmonics, and
the last equation becomes

A (n — A — 3)1
(n—1H(—=x—=2)11(n + X+ 2)H

1
[ pPysin® 0du = if % be odd.
-1

If A be even and n > A + 2, the fraction on the right-hand side is zero, because in
that case (— A — 2) 'l = ¢, and the numerator remains finite, but if n < X\ -4 2, the
N —A— 31! . . . .

EL__ ;:13)“}")?7 remains finite whether \ be even or odd, and, in that case, the
right-hand side may also be written (avoiding negative arguments of the factorials) :

value of -

n—1 nlINHAL

———s 2

DA+ DU+ D1

It n be odd and n = X\ 4 2, we may transform the negative factorial and write the
value of the integral
_ ML L (A = B) 1]
=(=1)*a (n—1)!1(n + A + 2)!

Similarly we obtain
2 B2


http://rsta.royalsocietypublishing.org/

A

\

A
ya

/

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

\

Py
/

AL

/,

THE ROYAL /
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

188 PROFESSOR A. SCHUSTER ON SOME DEFINITE INTEGRALS,

(n—=T) A (= A = 2) 1!
A (—=A—=2D N+ 1)1

+1
P,sin* 0du = ¢ if 22 be even, other-
mn )
J1
wise the integral is zero.
This includes, as particular cases,

+1
f P,sin*0dp = 0 if X be even and 7>\ + 1,

_ =DM = A= D
= (—1) PETCRS W X be odd and n Z X 1.

= (m1)¥ g DU
- ' (n"()\—}n+]\'” — )t

W < A4 1.

Dr. W. D. Nivex (‘Phil. Trans,,” vol. 170 (1879 1), p. 379) has already obtained
-FJ' 3 e - . .
an expression for the integral ( P,sin* @du.  His results are identical with the
g

above, when allowing for the difference in the no‘mtum and after correcting an obvious
misprint in the equation marked (16) on p. 388,

+1 vid
G b d' [ju T
§ 5. f RO

If we write down the differential coeflicients of P, by means of the equation
dP,/dp = 2n — 1) P, + 20— 5) P, 4 .. .,
and repeat the same process p times, we obtain a series beginning with
PP, dpp = (2n = 1) Zr~—3) ... (20— 20+ 1) P, + ...

There being no term containing a zonal harmonie of higher degree than n — p, we
conclude that the above integral vanishes when e > n — p, and that when e =2 — p

+1 . gep 9 (I~ 1) 11
arr, 5 (n — 1)t
{ P ‘d”‘”(27z«n2p+_i_)1!

If € < n = p we may transform the mtegral as follows :

1 > Lo (Hd @ =1y P,
j‘ e, 7 L [ @ (p* ) el d
1

< dur pe == ot ] 7/;'~“ du

After € partial integrations, in which the first term always vanishes at both limits,
the integral becomes

(=1) (+1, derep, 1 (H e O0Y oo
et | = = g | s 600 dp
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WITH APPLICATION TO SPHERICAL HARMONIC ANALYSIS. 189

The integral on the right-hand side has been found in the last paragraph. Writing
p+e=ocand e—p =N\ we note that (n — X — 2) = (n — e + p — 2) is necessarily
positive as e <n — p, and that o — N is positive and even. If, further, n — o be
even n — N\ must be even also, because the difference between these quantities is
o —A=2p. We may now write the value of the integral

I(H.P(lppud m()(\n—{-e*ﬁp-].)!I(’/L—-ez‘+p—-2)!§ T
dw T (h—e=pitnte—p+ )i (20 —2)!!

fe=n—pand n -+ p - elis even,
= 0, in all other cases.

If p = 1, the above reduces to

n

, +1 o +1 +1
s [ Qrrdn [ rQudp [ Q2Qedp

Before discussing the general integral of the product of two tesseral functions, it is
convenient to obtain the solution in a few special cases. When the type of the two
tesserals differs by 2, we may transform the integrals as follows :

+1 U_il(
L (1 = p?)

_ (+l(.] ""“/.L)U+1(Z +1, . (ZU])

T-IQI)

.C)i A1
et (= B L

= “ha dp
A u’,u, T duf

[ T
204 1) u’/j”“ \ d/,ca“ dp’tt

By the application of Robricurz’s theorem the right-hand side reduces to

(=1)y* (i+0)! f“d“‘?{)
%+1 (i—0)!

[ ro42) (o) B (=) (—o =) 0 |

-] d,u,d” d/“'(ﬁ

Integrating each term partially o + 1 times we arrive at the equation

+1 .
[ Qo Qg

- 1 4+ o Lqp, - , . .
.ﬁ—igzi(r; { '**1—* ((+o+2)(i+o+1)P = (i=0)(t—=0c=1)P ] du

If 4+ n be odd, or if ¢ > n, the integrals on the right-hand side vanish., If¢<n
and 7 4 n even, we must substitute,
[, = [
i1

¥ “P,_, = 2, as found atove,
-1

J .y du
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190 PROFESSOR A. SCHUSTER ON SOME DEFINITE INTEGRALS,

which gives

J'HQ;’L”Q;’CZ,U, =4 EL_*—U;: (o 1).
-1 L~ a)

When n =1, that part of the integral which depends on P;,, vanishes, so that in
that case

[+1 . 2 (n + o)!
T Ay == — ST
j*-l T 20 4 1 (n— ¢ — 2)!

More particularly when o = 0 we have the integrals,

+1
j QP;du = 4,1 n -+ 2 1s even and ¢ > n
-1

== 0 in all other cases,

[+1 : n.n -1
Q*Pdy = — 99— ",
j_1 LP, t 2 2+ 1

+1
The result that [ Qo*Q7du has zero value whenever 2 > n can be extended to
-1

+1
the more general integm’tf Q;Qrdu provided then o > p.  To show this we need
-1

only consider the series,
Qr= AQr™" -+ A+ . .,

where the coefficients may be determined from the integrals found above. Multiplying
both sides with Q7= and integrating, all the terms vanish when ¢ > 2 and hence

{Q; Q7™ = 0 in that case. From o — 4 we may proceed to o - 6 and so on.

F+1
To obtain the integral j Qz Q2 du, we use formula (F), multiplying both sides by
-
Q;, and integrating. We may without loss of generality take p to be smaller than o,
Utilising the result which has just been obtained, one integral on each side drops
out and the equation becomes for even values of o 4 p,
+

f Te= (o 1) (n— o 2) f Qb dp
—1 ) -1

1
=n=—oc+1)(n—0c-+2) (n—o0-+3)(n—0c+4) LlQ;{““QZdFL

o — !+l
= (=) T Qendp

(n—a)ti,

o 1 2
(=) 2

(n—a)t " 2m 41 ]'fP<0’3.'l‘ldp+O"even

= 01if p 4+ ois odd.
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WITH APPLICATION TO SPHERICAL ITARMONIC ANALYSIS. 191

Reverting now to equation I and multiplying both sides with Q_,, we obtain
+1
[ Quas oy
-1
= (o4 1)(n — o+ 2) ( Qs

+(n+<7—-2)(n+o~-—--3)‘ Q"; ,L_of/,u+( lex),yzdu.

r+1
=—~n—0c+1)(n—0o+2)| Q QU
© =1

ot ) or (n—2+ p) \72 -2 *lp_\,i
+(—]) ) 2'11/-“3[(“—*—0——2) (nto—3) (n— (n——cr—? !]

P g—p+2 —
———ot ) —ot 2| Q= (=) 4o —1) @(j i 2
.—.l K - .

The integral on the right-hand side may again be transformed in the same
manner, changing from o to o — 2. This leads to

(@ dp=(i—o+1) (1m0 +2) (41— +3) (1—o+ 2 (" Qe

Je1 J

(n +p—2)!
(/b — 0) !

(-1 o= D)+ (o —8)).

If the same process be continued until the integral on the right-hand side

+1
becomes ( P+EQh _odp, the remaining terms on that side will consist of a series in

arithmetical progression.

Adding this, we find

@—q

gHQ“QP du = (— 1)6,:54-1 2 j Qe _d
- nNn—2 F’ - (7L Yn—2 1“‘

n — 2 - !
L(ﬁ;_’f)[;)’ (c+p+2)(c—p— 2)1

(n—=2=p)t (@—2+4 p)!
n—a)l (70——2——p)2<4p+4)

= (— 1)5 e+ p—2)! (o® — p?),

)
(n—o)!

if o -+ p be even and p < o.

It o + p is odd or if p > o the integral 1s zero.
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192 PROFESSOR A. SCHUSTER ON SOME DEFINITE INTEGRALS,

+1 +1
§7. j Q7P dy, f Q7 ds.
-1 -]

The integral of the product of a tesseral function and of a power of sin 6 having
been obtained in § 4, the above integrals are found by expanding the tesseral
function or the zonal harmonic in a series proceeding by powers of sin 0,

From the expression of a tesseral function of degree 7 and type o, as it is generally
given, viz.:

sin” O [ A" 7 4 A AL

1t 1s seen by writing @ =sin 0, p = V1= a2 and expanding the binomials, that the
term of lowest power will be sin” &, and that if #» — o be even, the term of highest
power is sin” 6.

The coeflicients of the series, which are given by Herwg, are most easily obtained
by going back to the differential equation :

tor= T,

nE Qi (=) = T

(7/1,
Substituting « = 4/1 — p? and changing variables, this becomes
: 22% Q) N
o 1 QT (i T =
e { 2 e
If the series

(O S A SN A SRS el

satisfies this differential equation, the coeflicients a,,, and @, must he connected by
the relation

ap(n—q)(n+q+ 1)+t (g—o+2)(1+o+2)=

as Is seen by substitution.
The first coefficient is determined by the fact that it is cqual to the value of

d"P,/du” when p = 1. This quantity is known to be equal to ( o) ()‘])“ The

other coeflicients may now be determined in terms of this, and we fmd in this way
for Q7 the series

(n +a)! - ___(2%-,'1@,@5% o+ 1)/ (n— (r)(n-— o=2)(n+o+1)(n+o+3)/a
T el o)+ o]

1 o1 1.2 o-—{—] o+ 2 (‘\2/

The series breaks oft with the term #"~”, when 1 — o is an even number, but also
holds if n — o 18 odd.
The factor of #* in the series reduces to
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(— 1)1 (n+o)itntr=—br - 1
) e D =) (= ) (n o

When (i — o) is an odd number it will be more convenient to use a different
series. Writing Q == uN, and changing the variable to @ = +/1 — u? as before, the
differential equation becomes
L — 4a%) dN

x dx

7z~1.n+2N< —l—(l—-xﬂ)gjg:wx,

3

and from this we find for )7 the series

(nto) p’ [, (r—o—=1D)(nto+2)/e\?  (n—o—1)(n—0—3)(nto+2)(n+a+3)/x\t
(n——o-)f(i%a-)l!l:l 1. c+1 \2> + 1.9 otl.o02 <_,)> }

&

The factor of pa* in the series is found to be

( 1>'\‘3" (n 4o = 1) (n + M 1
(n—a)ii(n—=—A—11 (MN~—a)t(A 4 o)

1 ) ) )
In considering the integral [-l(‘QZQ? dp, we may, without loss of generality, take p

to be smaller than o.  If of the two quantities ¢ — p and # — o, one is odd and the
other even, the integral vanishes.

If (n — o) and (s — p) are both even numbers, we may express Q7 in terms of a
series of powers of sin 6 and obtain in this way :

+1
WQry = SU(— ° 5in* 0 d
Qg = 25— 1) (71——U—1)!!(7&—*7\)!!(7\—-0‘)!!()»—{—a)!!,(,_lQ’Sm 0 dps

FIQ A=n Mo 4 o)t (n + A= 1) 1

—-CA%(-— ])";"('n%—U)!!(72+7\-—1)!!(’i+p~1)!!(i—h-—2)3!(p+7\)!! 1
=0, T (=D=M (= p) I A+ 1) (p—A—2)11 (Am o) (A A+ o)1

L A=n ;
The symbol 2® is intended to express that A takes successively the values

A=¢g
o, o+ 2,.. .1, leaving out the alternate numbers. The constant ¢ is equal to 2 or =,
according as p — o is even or odd.
If n — o and 7 — p are both odd, we f{ind in the same way :

+1 A=n~1 A4 o= D H (4 A) 1 g*l .
7()e, — &) o N T S - P A /
LQ” e = 29(=1) (1 — ) (=X —= 1) (A = ) LA + o)1 _I“Q' sin® 6 dp

_ C'\=2ﬂ(;z“)1( 1)?::"(?)}:7-{‘—.{)‘":— D+ MIE G+ p) HE—=A=3)(p+ M) 1
IR (n—a) (=A== (i =p—=D)EGE+A+2)H(p =2 =2)1l (A=) (A + o)

The value of ¢ is the same as before.

Our result shows that when p — o is even, the integral vanishes when ¢ > a.
For when p — o is even, p — N — 2 will also be even, for all values of A, and

VOL. CC.—A. 2 ¢
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194 PROFESSOR A, SCIHUSTER ON SOME DEFINITE INTEGRALS,

it will be negative because o is the smallest value of A and o is larger than p.
1/p — X — 2) !t must therefore be zero, and all the terms of the sum vanish unless
there is a negative even factorial in the numerator. The only factorial which can
become mnegative is (2 — X — 2)!!, but n being the highest value of X, it will not be
negative when ¢ > n. For the special case, ¢ == n, all the terms of the sum vanish
except the last, for which A = n.  'We have in that case

==l G =n=2I (=D VY — o)
oA T e == (- 21 = D (= p)th,

e 2 (n4p)!

and the integral reduces to (— 1) 2 %t L —oyl? already found in § 6.
b 2 B

The same expression is found when n — o is odd.
+1 '
Another and generally more convenient expression for j Qo du is found by
~1
expanding Q¢ instead of )7 in terms of powers of sin . We thus obtain, when
n — o and © — p are both even,

Ace(n4o—1)H(I4p) (i + A=l (n—A —2)!! 1 (e +Mh

§r+‘1

a(ye o A:(é) —— AN E
.__1Q7LQ° d,u, c;i’,, ( 1) (n—ao)ll(t—p=1)H =) (n4+r-+ 1)1 (A —p)i(x+p)t! (o —A—2)

and when % — o and ¢ — p are both odd,

TN o Rl Gl b e bt o) B (S S e 0L
R (n—a—DUE—p) 4N+ 2)UE A1) (v —p)( A+ p)l (g—=r=—=2)

Writing

A =(@tptp=2...(c—p+2)(o—p)
" (2p) 1! ’

Ao @D (etp) . (o p)lo=p=2)
T 200(2p + 2) 1 ’

A lotpEDlotpd) . lo—p—lo=p=—9
e 410 (% + 4yt ’

we may put the integral into the following form :
+1 “~ . ° .
f QrQe dy, if (n — o) even, (i — p) even, and excluding n =1
-1

N R HE G R Gl ) R

TCU—p) (m—o)ll (mp+ L7
where 7
. (G+p+1)G—p) | (+p+1)E+p+3)(E—p) (i—p—2)
3 = AO - flg AN SN + A,,L 9N (o T oN 7. LRy e
—p—2) (n+p+3) (n—p—=2)(n—p—4)(n+p+3)(n+p+5)
where c=2, if ¢ = piseven, and ¢ ==, if o - pisodd,
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[
(i)
(1]

the last term of the series 18

[G+p+DE+p+3). . . (Z-=D][(i=p)(E—p—2)...2]

P p—2) (5 p—d) .. (nm ][0t p+ )t p B (it LT

but the series breaks off before the end, if o — p is even and ¢ > o owing to the
factor A vanishing. The number of terms in that case is ¢ — p — 1.
Similarly when (n — o) and (¢ — p) are both odd

AR (z+p)f (n+o)tl{n—p—3)"I
.LlQ" P = (7, !l (m=a-—-Ditn+p+2)11""

where

CA A, CHpEDGmp=D) | (e p D kp+ ) (i=p=D) (i=p=3)
Pn—p=3)(n+p+4) tn—p=3)(n—p=5)(n+p+4)(ntp+6)""

where ¢ and the coefficients A have the same value as before. The last term of the
series 18

A G4t DGaptd) Qi hpt D= =3)... ]
T =) (n—p—5). . (a =) [t p+ ) (A p+6) .. (it 1)

To obtain [Q7P; du, we need only put p = 0 in the previous investigation. This
gives :
gt+2.9.0=2

A‘O = g, AZ = e 5 ,

ﬁQ;Pid,u:2(n+"_l>”(n“m” [A0~A2 Citl =20+ 1443 ]

(n—c)!!(n+1)!! n—2.0+3 tpn—2n—dn+3n+5"

if 2 and o is even, aﬂd

(HQP(];L (n+ a)"’n-§) ! ‘[A —1.242 t—1.0—3 ¢+ 2.0+4

—_—A
( o—]) (L»LZ)” 2n-—3n}4+ fn—3n—bn+dnt6

S

if o is even and 2 odd.  Thus, if ¢ be even

+1

[ QePidp=s,

-1

1
‘(__IQ/JL}.’?; dp=8[n+3.n—2) =3 (t.141)],

1 ‘
d(_lQ»fPidp.::1.2[(9z+5.n+3.n—-—2.n-—4)~—8(i.i+1.91—}-5.7?,-—-4)

| 0@ =2 i 1.0 3)],
and 1f 7 be odd :
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196 PROFESSOR A. SCHUSTER ON SOME DEFINITE INTEGRALS,

+1
QMQ‘Pi C]}L = 45

-1

[+

QMPidp=8[(n+4.n—=3)=30+2.7~1)]
|

+1
QP;dp=12[(n+6.0+4.0—3. 05 —~8(i+2.7~1.046.1n—05)

-1
+10@+2. i4+4.0—1.7--23)L

4

The equations do not hold for ¢ = n as has already been explained.

+1 +]
§ 8. J’ Q7 sin pf dp, Jﬂ 7 cos pl dy.
-1 ]

These important integrals are obtained in two different forms according as Qj or
the trigonometrical functiong are expressed in terms of the powers of sin@. In the
former case the problem reduces itself to the evaluation of integrals of the form

T L
[ sin* 0 sin pfdp and ( sin* # cos O sin p0 d0.
S0

v 0

It may easily be proved that

+1 . . ’?:‘ (D B ‘ .
_(_lsm"ﬁsmpl? dp = (—1): COAFI L= when p is odd,

= 0 when p is even,

rlsiu"ﬁcm 00 dp = (— ])n O+ 1! - when p 15 even,
oy SpUp = A+ 1 EmtEn - 1 _) P
= 0 when p is odd.
i 0cos Osin pOdyp = (— 1)% M i
- sinpfdp = (= 1)tcp = : ) 18 even,
Llsln cos @ sin pfdu = (— 1) cp LT AT —p) , When 7 18

= 0 when p is odd.

+1 | - Al 1 .
{ sin*™' @ cos O cos pddu = (— 1) * q AT R AT g vy when p 18 odd,

v

= 0 when p is even.

In these equations ¢ is equal to 2 or 7 according as (p -+ \) is even or odd.
From the results of § 7 we may now write, if n — o be even and p odd,
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WITH APPLICATION TO SPHERICAL ITARMONIC ANALYSIS, 197
+1 .
‘- Qzsin pf dp
J-1
A= 1 n +1
SO S2(n 4 o)t (n 4+ A — 1)1 1 J N
= Am( 1) = )= (T e sin*@ sin pf dp
oy Mreoml(n4 o) ii(n 4+ —1) 1! 4+ 1! 1
= E - (“' 1) ' e ‘
e (n—o—Dtm-=AMIA—a)!li(A+0o)!! (X+1~Lp)”(7» 1--}7)"

When p and #n — o are both even the integral vanishes.
If (n — o) be odd and p even,

1
( Q7 sin pd d
1

_.9;- (7L+a’-—-1)"(ﬂ+h)" 1 +1

@ A

E (— ) S iy w— T Ty )',( cos @ sin* @ sin pf dp.

B T (Rt et EH (e VB (S 13 !
r=a (o) (= A= 1) (A=) Vo) A+ 24 ) (A 2—p) 1t

It will be noticed that the integral is zero whenever (n + o 4+ p) is even. Hence if
sin pf is expressed in terms of tesseral functions, p being even, only odd values of n
occur when o is even, and only even values when o is an odd number. The reverse
will be the case when p is odd.

We find similarly, if (n — o) is odd and p odd,

+1
[ Qy cos pl du
-1
A:’n:l a—(n*_o.__.])u(” +>\)vo 1
— @ (e S S, S A
= f\/l«( 1) (h— o) =N = 1)1 (h= o) On + >,,( cos 0sin* 0 cos pf du
=cp X w') (""])Mp to=Diint it (A + 1) 1

(n=o)  H{n—=A=1) 11 (A~ NAF) T+ 24p) A +2—p) 11 |
and when n — o and p are both even,

1
F Q5 cos pl du
-1

Arir (n o) it(n+A—=1)10 (A 1! 1
(zb—cr«—l)"(rb-—-k)"(K—o)"(k-}—o-)"()»-{—l-{ T}"(k+l——p)’“

= 0¥ (=1)
A=
when n — o + p is odd the integrals vanish for all values of p.
We may now prove the theorem which has been mentioned in the first paragraph.
s
If o and p are both even, 4( Q7 sin pf du is zero, unless n is odd. In that case the

quantity (A 4 2 — p)!! whmh occurs in the denominator will be even, as A takes up
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198 PROFESSOR A. SCHUSTER ON SOME DEFINITE INTEGRALS,

successively the values o, o 4 2, &o.  The highest value which A 4 2 — p can take
18 7 4 1 — p, and this 18 negative when p > n - 1. 1t follows that

4

f osin pdp =0 when p >n-+ 1 and ois even.
=1

The restriction that p is even is not necessary, because when p is odd 2 will be even
and the factorial in the denominator, according to the above equations, is (A-41-—p)!!
This again will be infinitely large whenever it is negative, or taking the highest
value of N, which 1s now %, whenever p > n -+ 1.

We prove exactly in the same way that

+1 _
{ Q7 cos pf dp = 0 when p > n - 1 and o 18 odd.
Ja

The value of the integrals in the general case may conveniently be expressed by
two series ¥, and =, defined by
(r—p+Dim+p+Dtt(n—a)l —

(2n — D! (n + 1)1 I

(nto)(nto—2)(n—0)(n—o—2)(ntp+1)(n+p—1)(n-—-p+1) (r—p-—1)
2.4 n4+1.n.n—1.m0-—32 20 -1 .20 —3 t

(rto)(n—o)(n+p+)(n—p+1)
2.on4 1.0 201

+

(n—p+Dn+p+Din—0)l o

(oD @—e—1)(atptl)(n—p+1)
(2% — ]) i I_p A= -

2.n.n—1.2n~1

+ (nto—1)(n+o—3) (n—o—1) (n—o—3)(ntp+1) (nt+p—1) (n—p+1) (n—p—1)
2.4 .o —1.n—2.n—3 2n—1 20 —3 777

Then

+1 n=otp-1

§ csin pbdp = (=~ 1) ° ¢ if p be odd and n 4 o is even.
nortptl

(—1) 7 ex, i pbeeven and n 4 o 18 odd.

i

= 0 whenever n - p - o 15 even.

ot

1 ’ L )
( Q7 cos pdp ={—1) ° ¢= 1if p beeven and o -+ o is even,
l

n—tp+2

= (1) 7 ¢3,if p be odd and n -+ o is odd.
= 0 whenever n - » -} o 18 odd.
|

The constant ¢ takes the value 2 or a, according as p -+ n is even or odd. The
series =) and X, break off in all cases ultimately when one of the factors of the
products (n =0} . (n—0c=—2)...0r (n—o—1) (n— 0o —~3)... become zero.
When n — p is odd, the series may break off’ before it has reached its full number of
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WITH APPLICATION TO SPHERICAL HARMONIC ANALYSIS. 199
terms, owing to one of the factors in the product (n—p 1) (n—p—1)...
becoming zero. In the special case n = ¢ the value of %, reduces to

 En=Dt (1) )
(n—p+Dititn+p+ 1)1

The above equations are inconvenient for numerical calculations, unless n — o be
small, or n — p be even and small. We obtain quite different and generally more
convenient expressions, if we begin by expressing sin pf or cos pf in terms of a series
proceeding by powers of sin 0.

Let

. o p—1p+1. p—2.p.p+2
Bo=1s Br=ps By="0 0 s Be=t oy s
and generally
B = @P=2+D@—=2+3)... (p+r=3)(p+r—1)
' Al

. (pAA=Di 1
T (p— A=D1l At
Also put
\ ) . n— 1.7 1 — 2. m. 2
=15 Cmmpog Cymp. s O, =p.7 P+l A —p T p+=

J4( bl

2 ‘ 1.2.3 7 o 4!

¢ Pp=A+2D(p—-r+d ... Pp+r—-4)(p+r—2)
=T :
i Al
— » (pAAr=2
AL (p=n)it

Then the well-known expressions for the trigonometrical functions of the multiples
of an angle may be written :
If p be even :

sin pd . : . : . - . .
s g = Busin 0 —B,sin® 0B, sin® 6 — . .. 4+ B, sinr1 4,
cos pt = Cy — C, sin® 0 4 C, sin* § — ...+ C, sn?f;

and 1if' p be odd :
sin pf = C, sin 6 — Cysin® 6 4 C;sin®d — . . . + C, sin? 6,

cos pf N o : .o
o = B, ~ B, sin® § + B, sin* ¢ — ...+ B, sinr7t 4.
We derive from this, p being even :

+1 . z\:'-p—:l )‘:1 ) +1 .
{ Qysin pl du = 20 (—=1)° B, '( 7 sin* @ cos 0 dp,
1 A=1 —_

v - 1

>

+1 A=p +1
j‘ X neos pb du = =¥ (= 1)° C, f Qg sin* 0 dpy,
— A=0 -1
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200 PROFESSOR A. SCHUSTER ON SOME DEFINITE INTEGRALS,

and p being odd :

A1

+1 . A=p - +1 .

( osin pf dp = 39 (— 1) C, f ¢ sin* 6 dp,

L A=1 —1

1 A=p-1 ’; ‘ +1 . v

s 3z cos pd dp = =P (— 1) B, ( Q7 sin* @ cos 8 dp.
—_ A=0 o

Hence from the results of § 4, if p be even and (n — o) odd :

?Bh (n+ o)t (n—na—3)!1{c+ A)!
T =D E A+ D (o= A =20

s N A=
‘ %Smpl?olp,::cgm(_ 'I) 3
A=1

Jq

The constant ¢ is 2 or w, according as o is odd or even.
If p be odd and n — ¢ even, and with the same meaning of ¢:

Ho, A M1t =D (=) = D1 (o + M) 1!
o - @ (e 1) 2 OLN §
flenSlnped,u C)\El ( ) A(’n””‘a')”(?l-%-?\,—}-])”(0'—-}\,-—2)!’;'

Similarly if p and n = o are both even,

5 o (n+o—=Dn=r=2( 4+ 0!
Pa—o)ti(n A4 Dit(e — 2 — 211

+1 A=p
{ Q2 cos pb du == ¢ I (== 1)°
=1 A=0

and if p and n — o be both odd,

+1 A=p-1 A (n+ o)t —A=—3)(c+ A1
o — 0 SO (e 2 .
LQnC"Spedf‘ ¢ 2% (=1) B G e T A D e == D1

In the two last equations ¢ is equal to 2 when o is even and equal to = when o is
odd. In the interpretation of the summation a little care is required when o=\ —2
and n — X\ — 2 orn — A — 3 are negative, as the alternate factorials are infinite for
even values of the argument.

To put the equations into a form useful for numerical caleculations, it is convenient
to designate by separate letters the following six series :—

o~1.o+Ll.o+3
no— 3.0 4

MiEOlevwl,O’%—lmcagwg

S.o—1.c+1.04+3.0+9
3.n—50.n+4.n0+06

+ G

T —D.0
ﬂ‘_.,-

o —3.0—1.0+1.0+3
A\ — 1% R o . . 1 = 0 d P .
o 1 @ ! o*«-}—l Ba n—4.n+5

I ==

4B Gg~5.0~3.0—~1l.0o+1l.0+3.0+35

3. - : = -9
2 n—4. n—06.n4+5H.n+"7

. s c—2.0.04+ 2 ge—d.0~2. 0. 06+2.0+4
gEUQ-O'“‘“ 02 e e e n{_ﬂO e e

-2 . n—4.0+3. 045
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- a‘-—-?.o~ o+ 2 c—4.0—-2.0.0+2.0+4
Vi=Bo —B, n—23.m+ 4 + B S.n—5.n4+4. 0+ 6
. N+ 2—oc.n+240
Ki=0y = Cupe 2.% + 3 _
C n+2—c.nt+d—-c.0+2+o0c.0+4+¢
+ Cuns 2.4 +3.2045 T

nt+l-o.n41+
N; = B/L—-l - B/.’-H L "“j’—“‘““g

9. + 3

B n+l—-oc.n4+5~0c.n+1+0c.n4+3+0
Dyy 2.4 20 +4+3.20+ 35 o

The series are all continued until they break off, which may happen either because
the factors B, !, or one of the other factors takes zero value.
With the help of the funetions just defined, the integrals now take the form
(n+o~1)1(n—3)!!

+1
| V(v_lQ‘; sinpldp = DR Mg if o be even, p odd, n even.

N (n+o)it(n—4)i! .
Sl ey ),,S,Z if o be even, p even, n odd.

— H{(?i + o — 1) i (n_::_-%) CMe + ( 1)'15—1 (’7_1“(’2; K"j}

(n~o-)" (v + 2) 1 (Zn + 1)1

if o be odd, p odd, n odd.

:‘)[— (n+a)ti(n—4):!
o= DG+

o et a)l e
57+ ( ) (271 + 1)" N3
if o be odd, p even, n even,
= 01fn 4 o+ p be even.

+1 Y ¢ (N—if«jp;;@_ff)” o ‘; (n + o)
[neos poan= o[ LZS ST U (- g ]

if o be even, p even, n even,

o (n+o)it(n—=2)t

(4 a)!
7«
T =g =D+ 2 Vit (=

o w:'
Ea —l ’\TU ;
no

‘),n _J ]>v9

if o be even, p odd, n odd.

(n+o—1)H (n—2)1 Ur

(n—o)il(n+ 1)t if o be odd, p even, n.odd.

_ (n+ o)ii(n—3)!!
=T n—— 1) (n+ 2) 1!

Vi if o be odd, p odd, n even,

= 01f n + o + p be odd.
VOL. CC.—~A. 2D
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202 PROFESSOR A. SCHUSTER ON SOME DEFINITE INTEGRALS,

By comparing these last equations with the results obtained when the same
integrals were expressed in terms of the series 3, and =y, we may derive the following
special values :

M; = 0 if o be even, p odd, n even and p =n 4+ 3,

S0=0, 0, , peven,nodd , p=n-4 3,
Ur=0, ¢ ,,0dd, p ,, n , , p=n-+3,
Vi=0, o, , podd, neven , p=n-+ 3.
The two series marked N7 and K7 had to be introduced because the series

for M2, S7, U7, V2 break off as soon as one of the factors becomes zero. But in the

iy

original summation which gave rise to, e.g., M7, viz. :

50 (n+ o =1l —X—=2)l(c +M)!!
2 A=) (A A+ Dl (e —n—2)1

(o —' N\ — 2)!! begins to be infinite when A = o, and hence the terms of the series will
drop out until (n — A — 2) is negutive, 7.c., until A= n.  For higher values of A,

T - | o
2 N will be finite again. There is, therefore, a second portion of the serics
o — —_—

not included under M7, and it is this second portion which appears as K.

§ 9. Relations between M, S7, Us, Vo,
Certain relations exist between the series which serve to express the integrals
(HQZ cos pl dp and rle sin pf dp, and these relations arc important for the
callculation of numeric;d—ltables.
Starting from the equation (F, § 2)
Q—-Q  .=r+to—2)n+o—3)Q3~n—0c+2)(n—0c+1)Q7,
we may multiply by cos pf or sin pf and integrate on both sides. Expressing the
result by means of the above series, we obtain the following set of equations :
4o =1 (n—=3)M; — (n — o) (n 4+ 2) M7_,
=n4+oc—2)n+2)M; i —(n—0o+41)(n —3)M;
n4o)y(n—4)8 —(n—0o—1)(n+ 3)S7_,
=n4+oc=3)n+3)EL—n—0c4+2)(n—4)S"
(nt+oc—1)(n—2)U;—n—0)(n+ 1)U,
=n+oc—2)n+1)UZE—-n—-0+1)(n—2)Us"
n+o)(n--3)Vi—(n—0o—1)(n+2)Vi_
=n+oc—3)n+2)Vii—n—0c+2)(n—3)V:?

" (K).
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WITH APPLICATION TO SPHERICAL HARMONIC ANALYSIS. 203
Other relations are obtained as follows :

[ Qrsin podp = [ Qusin 0sin p a0 = [ cos po 5 Qrsin 040
-1 0 : PJo do

1 rl 0 d Qe sin 0 d
I e coSs == Q7 s1n ,
VRS P dp #

and making use of (H,), § 2,
1 [+l ] » .
=5 [ eos 0o 4+ 1) (n ot o) 0 = o D Q7 (o = 1) QT

If o be even and »n odd, the integral on the left-hand side depends on 87, while
that on the right-hand side depends on U™" and U7*'.  For o even and # even, the
left-hand side may be expressed by Mg, and the right-hand side by V¢ and Vi

. . [+ . o
Treating the integral | Q2 cos pf dup in the same way, and collecting the results, we
) I

find :
2poMi= (c+1)(n+o)n—c+ D)V —(c—1)(n+4 o4 1) (n—0o) Vi
2paSy = (n— 2)(n 4+ 3)[(o 4 1) U7 — (0 — 1) U]

1 . :
2}70’UZ = "”*"2)@7:;‘:3) [(O" — 1) (71 + o + ]> (71 o— (T) S?;+ (L)

(n — :
— (o -+ 1) (n+o)(n— o 1)577"]

2poV; = (o0 — 1) M7* — (o 4+ 1) M7

We may also conneet together the different values which the same function assumes
for different values of p.
Starting from the identity

+1
[CQulsin(p + 1)6 = sin (p — 1) 0]
-1
+1
= 2 f Q7 sin p0 cos 0 du
~1

we find, transforming the right-hand side with the help of equation (A), § 2, the
integral to be

1 N
=57 |0 = o+ D) QL (1 4 0) Q1] sin pl dp.
Three other equations may be obtained corresponding to this; by substituting the +
for the — sign in the left-hand sign, or by changing the sine function into the cosine
function. Each of these three equations gives two relations according as o is even or
odd. The following eight relations are thus obtained :
2D 2

e
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204 PROFESSOR A. SCHUSTER ON SOME DEFINITE INTEGRALS,

i 1
SIS p ) S (p = 1) = (0= 2) M7, (p) + (04 3) M2 (p),

t);z_I_] } o
(M (79+1)+M"(]7-—])):(" *“””/}LSIJ‘ (r+]) )
(II g i o— o
e )b”(ﬂ

Ho == )

(n+ o4 1)(n~—1)07(p)
= (0 — o) (n 4+ 2) Ui (p),

g '2' (Sr(p A+ D) =N (p—=1)) =+ o+2)n—2)VIii(p)
— (1= o= 1) (n 4 3) Vi (p),

I

1 _
S (Mi(p+1) = Mz (p — 1))

(/I-}O‘*{—l)()l'““()'{- ;
A[—I—) \ ()

(0 + a) (i~ 0) 7, ]
+ ,,.,,,_—_/)VL« :—2—_‘“"”' V w1 ([)>’

w1 i
S, W)+ UL(p = 1) =

PRV ) Vi = 1) = (= 1) UL () (0 2) UL (),

!
|
.q
=

et )

nA4 o4 2

T ’ o el " _—_0-~"] ‘7'”
S(Vip =) = Vilp ) =" s ) = T S )

§ 10, Numerical Caleulations of the Four Series.

Tor the calculation of the numerical values of the series M7 (p), the special ease
o = 0 was taken as starting-point.  In this particular case the well-known integral

(n+p—2)!(a—p—2)!
P (4 p4+ 1) —p + 1)1

+1
§ i P, sin pl dp =
-1

which holds when n + p is odd and 2 = p — 1, gives

nllt(n 4+ 2)! WA p— 2D — 2) ] . , .
MO = — ( ) )( ! ) ! )2 when # is even and p odd.

=D = ety D+ 1)1

The values of M were caleulated by this equation for all values of p up to and
including p = 11, and for all values of 7 up to and mdudmo 12, The first of the
equations K, § 9, was then applied, and substituting o= 2, n = 2, and M§ = 0, the
value of M} was calculated. Similarly puttmo n =4, 0, &0 t 1e values of M? for even
values of n were all tabulated. By successive steps | sumla,rly found M}, M?, &e., up


http://rsta.royalsocietypublishing.org/

A

V\\

/

A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A
)

Y
A

a

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

WITH APPLICATION TO SPHERICAL HARMONIC ANALYSIS. 205

to M. The last value so obtained, and some of the intermediate ones, were calculated
independently from the series defining M, numerical errors being easily detected in
this way. The values of 87, U7, V7 were dealt with in a similar manner. As a
final check, the values of 57 and V7 were obtained from U7 and Mg by means of the
second and fourth of the equations (IL).

§ 11, dApplicaiion of the Previous Results to the Ixpression of unctions by Means
of a Series of Spherical Hormonics.

The results obtained in this investigation lead to a new method of calculating the
coeflicients of the series of spherical harmonics which represent a function F of
spherical co-ordinates. 1 the values of this function arve given for all points of a
sphere, the coeflicients of the term involving T7 is known to depend solely on the
integral [FT7dS taken over the surface of the sphere. This theoretically perfect
proceeding has to be modified in practice when the values of I are known only at
definite points, so that the intermediate positions have to be evaluated by a process
of interpolation on the supposition that If is continuous everywhere.

All methods which have been applied so far, sufter from the serious inconvenience
that the method of least squares is applied in such a way as to make the value of
the coeflicients of lower degrees depend on the number of terms which are taken
into account.  That is to say, the coeflicients are not independent of each other as
they ought to Dbe.

A method suggested by I I Neumany, which is free from this defect, introduces
other complications, and has never, as far as 1 know, been applied in practice.

The theorem of § 8 offers a simple solution of the practical difficulties, and reduces
the whole problem to an expansion by means of FoURIER'S analysis, which can be
carried out either by the well-known process of caleulation, or by mechanical means.

Let ¥ be expressed, in the first place, for different circles of latitude as a series
proceeding by cosines and sines of the longitude and of its multiples. This first
step 18 common to all methods.

The result may be expressed symbolically by

K=« 4« cosp + 1 cog 2¢ + . . . + K'sing + K?sin 24 4. ..,

where «, «/, K/, K?. .. are functions of the colatitude. If their values are known
at ¢ — 1 equidistant circles of latitude, and at the poles, we may determine the
coeflicients a7 and «f, which satisfy the equations

k"= aj 4 afcos 0 + afcos 20 + . .. afcos pd -+ . .. af cos g0,
K=o 4+ afcos 0 -+ agcos 20 + . . . alcos pd 4. . . o] cos q0.

If we give to 0 the successive values 0, 7/q, 27/q . . . qw/q, we shall have ¢ 4+ 1
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206 PROFESSOR A. SCHUSTER ON SOME DEFINITE INTEGRALS,

equations to determine ¢ + 1 coefficients. The solution 1s conducted according to
well-known rules, making use of the proposition that, it p and s are integer numbers
smaller than g,

o s 2mr 28
0=1%+4 cos 7 cos ™™ 4 cos " cos
q q q 7

+-.

qg—1)» g — 1
-}~ cos (g A’} )P cos (g Jsm -} } COS P COS §7.

q

If p and s are equal to each other the sum on the right-hand side is equal to %q.

The factor & of the first and last term should be noted. If we designate by
Ky Kpp Ky« o . K, the value of k for 6 = 0, and at the successive circles of latitude, it
follows that

‘ ) s:z—l ]
i af == 3 («§ + k7 cos pw) - = k7 cos spw/q.

= 8=

The condition under which the coefficients are determined is that the coefficients of
the Fourier series higher than ¢ are zero. It will be noted that, even if we suppose
some of the lower coeflicients to vanish, the equations will still give those values for
the remaining coeflicients which, according to the method of least squares, fit in best
with the assumed values of «, but that in the calculations half weight only is given
to the values at the two poles.

[The above method of obtaining the coefficients a, which is identical with that
in common use, when the range of ¢ is 24, 1s convenient whenever the function to be
analysed is known at every point of the sphere, so that the coeflicients x and K may
be determined for a sufficient number of equidistant cirvcles of latitude. But other
methods are available, and hence the process of obtaining the coefficients of the
series of spherical harmonics which I am endeavouring to explain, is not restricted to
cases where the original function is known everywhere; provided it is continuous,
as well as its derivatives over the surfice of the sphere. Graphical interpolation
may be employed to determine the function at unknown points with sufficient
accuracy, and there are several good mechanical devices in existence, by means of
which at any rate the lowest and most important coeflicients of the Fourier series
may be found. It will, in some cases, materially help this process of interpolation if
it 1s remembered that continuity at the pole involves the vanishing of all the values
of k and K except «’.—Adugust 2, 1902.

Having calculated the coeflicients, the reduction to spherical harmonies is made, by
substitution of

cos pf = A7Q7 + A7, Qo+ . .. A Qo . AQr ...,

where the values of A7 may be calculated and tabulated once for all. By the
theorem of § 8, all coefficients vanish up to and inclusive of A7_, it o be odd, so that

vy
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WITH APPLICATION TO SPHERICAL HARMONIC ANALYSIS. 207

the spherical harmonic of degree n will only depend on the Fourier coeflicients

a,, for which p is equal to or smaller than n 4 1. When o is even we secure the
same advantage by developing «” and K- in terms of the sine functions, and we
write in that case :

k= 0rsin 0 4+ bIsin20 4+ . .. b7 sin pf + .
= fB¢sin -+ Bssin 20 + . . . B5 sin pl + .

and

sin /70 = Bp Qo+ ]3;+1Q?;+1 + ... Bng -+

To calculate finally a coeﬂiclent such as B? we proceed in the usual way, thus :

o oy (o)l
.(_]Q,,,, sin pf dp = ST g

Therefore
“17+] Il—o'—~]" n—3 . .
B = = (v = ? < ,? aM? when 7 is even and o 1s even
' 2 (77 —{- o-)' (N —I— 9)
I -+ 1 n— o)t (n— 4yl - . .
= _(v=a) "'(* ">;.', ST when n1s odd and o 1s even.
2 (n+ao—=111n+3)0!
Sinilarly
20 4+ 1 n—o)i! (n—3)! . . . )
A= (=) ) V7 when % 1s even and o 1s odd

2 (n+o—1)1 (n+ 2)!

2n4+1(n—o—1!(n—2)1!

5 (n st o)l (n+ D wU? when 7 1s odd and o 1s odd.
-+ o).l (17 L)l

Combining equations, we find that if' g7 denote the coefficient of 17Q7 cos o in the

VRS

development of I, and 2 the coeflicient of £7Q7 sin o,

gr =t b (e ot m=5) e 1af’V" (p), when n is even and o odd and p odd
JiL ')tz (/ _Lg‘_...]>"</[+)>" =1 /3 s

4+ 1L (n—o =1y (n—2)t1 rzpdt .
o= (n )' ( ,>, S 3% agUs (p), when 7 is odd and o odd and p even
25,”_ (?I/ + G') ' : (71 + 1) I p=0 ’

21 L(n—o—1)11(n—=3)11 2200 .
B S Uk A LU (O L 7 3% b7Me (p) when n is even and o even and p odd

27 (/L+a)"()z+‘))" el
2n+ 1 (n—o)!l(n—4)!! p=nil .
= — @ phrSe when 7 1s odd and o even and p even.
215 ('7L+(I~].)“<’)Zr+3)!77T2 757 (p) pe

To obtain 47, substitute o and 8 for a and b.
The coefficient ¢7 is introduced because the quantity here designated by Q7 is not
uniformly accepted as the standard form for a spherical harmonic. For some purposes
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208 PROFESSOR A, SCHUSTER ON SOME DEFINITE INTEGRALS,

it is more convenient to take the form of GGauvss, for swhich Taomsox and Tarr have

o

adopted the symbol ©7, and which is connected with Q7 Ly the relation

O _(”. ,“if}: v

G DR

Another constant, which has been applied by Avorry Scmmipr, is based on the
consideration that for numerical work it is inconvenient to deal with functions the
average values of which differ considerably from each other. This author therefore
takes a function 7907 as basis of calculation, and determines 77, so that the average
value of the square of 7907 cos o over a sphere of unit radius is equal to unity. The
function Ry defined in this way is connected with &5 and Q7 by

e Cn 1) Jew@n 1) (n— o)l
T — (9 1) 1! e (@n Y Colalt - 1)\ = 0): g
Ry = (2n — 11! /\/(% + o) (n— o)l Or= 1% (n -+ a)! W

where e, is equal to 1 for o == 0 and equal to 2 for all other values of .
If a function is to be expanded in terms of RY, we must thevefore write

= A D=
L (n A+ o)!

For numerical work the introduction of R7 i place of Q7 possesses undoubted
advantages. Although at first I was reluctant to adopt the additional complication
due to the introduction of a square root and the addition of yet another function to
those given by previous writers, T found that the inconvenience of tabulating values
differing considerably in magnitude from cach other was very great, and 1 thevefore
felt myself almost compelled during the course of the investigation to adopt Seumipi's
function as above defined.

We now substitute (7 into the equations for g7 and 24 and write :

B I L A 1L
)i €y

2 (n + (i +o—1)i(n—a—1)i
oo (=2 /\/277/ + 1 Ag/(;fm'-"oﬁéé Ditln—o — 1)1 -
O T T : R YT r S TR O
’ 2 (n A4 1)t €y (n+o)il(n—o)i!
g = T =B \/ Al fate—Dim=c=1 y,
2 (n 4 2)t € (n+ o)ll(n—o)t! ‘

P Gt Ol A\/ 2n + 1 A/ @t ollh—o)ll o
T2 (n+ 3 €r n4+o—Dln—0—11H""

whoere ¢, = 1 and ¢, = 2 1f ¢ > 0.
By substitution of the values of V7, &c., we may also write more simply
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1 [+! .
=g ( R cos pOdp; if o be odd, p odd, n even.
=Cg ¢ —141

<
)
!
\

R7cospbdu; it o ,, ,, peven, n odd.

1
mj = - ( . Rz sin pfdp; if o be even, p odd, n even.
AR

ST = Wsinpldu; ifo,, ,, peven, nodd
Gr) Y1

It would thus appear to be unnecessary to have separate symbols for u7 and 2 or
for m2 and s7, but as it is convenient to tabulate separately the integrals for odd and

even values of p, the retention of all four symbols facilitates reference.
We may now obtain the final coefficients by summation thus:

p=n4+1
g7 = X% a%w], when % is even, o odd, and p odd,

p=1
7):‘:?:{-1 )

= 2(;) aws, ,, n,, odd, o , , peven,
p=
p=ai+41

= ¥ m3, ,, n, even, o even, ,, p odd,
p=1
p i ) '

== bs » m,,odd, o, ,, peven,

with similar equations for 27, @ and b being replaced by « and B. -

The values of ¢, u7, m7 and s7 are given in Tables V.—VIIL and their logarithms
in Tables IX.—XIL., for values of n, o and p up to 12 inclusive. By means of these
tables we may, for instance, write down at once the coefficients as far as the third
degree as follows :

gy = "7853980,°

7,° = *6801750,°

¢y = — 2195250,° + 65857 50,°

9,0 = = 259746h,° -+ 6493650,°

g/ = 68017 5¢,) — *340087

g) = '380220a, — *380220,’

J = "159061a, + -318123a, — *397653a,’

5703450, — 19011507
95t = "502996b,2 ~ *251498D,2

'616042a,2 — *410695a,> + 1026725,
VOL. CC,—-A., 2 ®
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The calculation of the ten coeflicients ¢ up to the third degree involves theretore the
determination of sixteen Fourier coefficients. There is no 7 coefficient of zero type,
and there are therefore only six /4 coefficients up to the third degree which depend
upon twelve Fourier coeflicients. In general there will be 4 (n -+ 1) (n 4+ 2)
g coefficients, and 4 (n -+ 1) n, & coeflicients up to and including the 2™ degree, giving
a total of (n 4 1)* coefficients in the series of spherical harmonics. To determine
these completely, it would be necessary to calculate (n - 1)* Fourier coefficients
for the quantities g and # n 4 1 for the quantities /i, giving a total of (n41) (n 4 2)
Fourier coefficients. The tables accompanying this paper being calculated for
values of n up to 12 are therefore sufficient to determine 169 coeflicients in the
series of spherical harmonics, by means of a simple computation after the deter-
mination of 182 coefficients of the Fourier series. These latter coefficients may be
evaluated by mechanical devices.

§ 12. Special Application to the Theory of Terrestrial Magnetism.

The advantages of the proposed method of obtaining the coefficients of a series
of spherical harmonics are considerably increased when the quantities to be repre-
sented by such a series are not given directly, but by means of their differential
coeflicients. This is the case when the magnetic potential has to be calculated by
means of the observed magnetic forces. If X and Y represent the components of
magnetic force resolved towards the geographical north and east respectively, the
magnetic potential is determined by means of the equations

dV/dd = X; dV/dp = — Y sin 6.

I no electric currents of suflicient intensity traverse the earth’s surface, a
function V can be found which satisfies both equations. If Y sin 0 be obtained in a
series proceeding by spherical harmonies, then all the terms which depend on the
longitude ¢ are at once expressed in a similar serics, as the integration according
to ¢ leaves each term in the standard form. The treatment of the other component
acting along the meridian involves, however, serious difficulties, and it is not
necessary here to enter into the question as to the more or less complicated methods
by means of which V has been hitherto derived in the standard form from X.

The method based on the results of the preceding investigation avoids these
difficulties. TFor odd values of o, X is expressed in a series, each term of which
has the form cos nf sin m¢ or cos nf cos m¢p, while for even values of o, X is
expressed in terms of the form sin 70 sin m¢ and sin 16 cos np.  After integration
with respect to 6, the formula of § 11 will determine the required coefficients. We
may treat the eastern force similarly, obtaining a series proceeding by cos p@ or
sin pf according as o is odd or even. Y sin 6 is then derived in a series proceeding
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by sin pf or cos pf, and after integration with respect to ¢ the equations of § 11
may be applied. The spheroidal shape of the earth may also, if necessary, be easily
taken into account, but I reserve the discussion of this matter until the completion
of some calculations, on which I am at present engaged, will allow me to compare
the results obtained by the method I advocate with those obtained in other ways.

Great pains have been taken to guard against numerical errors, and it is hoped
that all numbers given in the tables are correct, with the proviso, however, that
the last decimal place in Tables V. and XIIL is uncertain by one unit, and wrong
possibly even occasionally by two units. Professor Cork has assisted me in the
numerical work.
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Tasri L-—Values of V7 (p).
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Tasre IL—Values of U7 (p).
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Tasre 1I1.—Values of Mg (p).
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TasrLe IV.—Values of S7(p).

THE ROYALz%

SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

\

ya

/

THE ROYAL /
SOCIETY

OF

n; P: 2 4 6. 8 10. 12.
1 -2 - — — — —
3 -2 5 — — — —
5 -9 13 126 — —_— —
7 -2 -6 ~198 1287 — -
9 -9 ~ar8 ~ 429 —11t2 2421 —

11 -2 -4 ~5 | -gE |- | uge
3 6 -3 — — — —
] 6 24 - 18 —_— — —

=9 7 6 13 154 143 — —_
9 6 96 195 824 6838 —

11 6 185 g3 808 269 -323
5 30 - 24 6 — —_ —
7 30 118 - 190 85 —_— —
9 30 48 33 - 120 51 —

11 30 105 57 Loz ~ 209 204
7 70 -70 30 -5 —_ s
9 70 32 - 123 80 -17 —

11 70 115 -7 ~ 842 279 - 308
9 126 ~144 81 -94 3 —

11 126 3 - 183 174 ~69 AL

11 198 —435 165 - 66 15 -3

PHILOSOPHICAL
TRANSACTIONS



http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

INTEGRALS,

-+
Y

DEFINTTI

<
4
4

R ON SOMI

Al
Vi

SCHUSTI

VA

SSOR

2
4

PROYI

216

£
p4

M.
L99%10- — T00GLO- LEGCos . — €2999¢- L0096% - — €009L1- ¢l fr=2o "
101560 006LLE- — SE0C6¢ - Te06LT- — L¥F961. — O6FELT- 1 G=o0
¢39%00- — 0661F0- G6EE9T- — CI66TS- 96861F. — 166¢61- 01
GE6C9G . — 88¢L0T - LOLEGO- — 9¢R016- — C6EYC0- — 6LEOTT- ¢l
FGeeg0- 99€86T- — £6c60T - €I889G- — 810661 — I8G181- 01 =20
- GCRCI0- 98601 — cOTLIC SF6EFT- — 1.61¢E- 9
QO9FGF- COOTIRT- — GFICLT. — 121790 — 108¢F0- ce6601 - el
6686E1- — 0LEE07 - 6ETL9E- — 8689891 — 0T0CC- H, LCI0TT- 01 l e=o
- 008660 — 0FF9¢e- 00zCLE - — 0%0CL0- — j 009.81- N i -
- - LAFTICO- ~ CRELCT - C6EE9T - — ” G8GLCT- 9 «
COTE6E. — L8T180. — m TCF100- — 26FLE0- 6EFRCO- , 98190 el ‘“
97066 - C9LCIT. — _ 8F8690- — L18LE0- €¥10%0- “ 8G1880- 01 w ‘
- 69619¢- " CI99¢F- — 698920 — 909080 - | 6060G1- S LooE=e
- - ¢1¥0GE - 09809F . — c11090- ! JASHINE I 9
- - — T10¥CL- 1€0%9%- — , 1E0R0¢ - ¥ _
| | ,w
LFOCTE- GFF690- | ¢0c0¥0 - 196620 - 168%¢0- 1G¢6%E0- cl |
0CCLGT . — 6GCLYG- €08ZL0- 189€%0 - 109€¢0- 9¢66¢0- or i
- 1G66eF - — vLEFCE - 69¢820- 808670 - 9NCITFO- K { [=
- - 106817 — QG1996 - 601880 - 9€£90- 9 |
- - - §L¥L0%. — ¢e016c- 1e¥911- ¥ |
- — — — 6GG086 - — 6GG08% - &
|
I 6 ) ‘¢ o ‘1 cd fu M
_

HI
“p g $00 21 Tm = Lo—A dI4V],
1+

ALIIDOS 1o ALIIDOS 10
5 RO BIIELL S Mﬂwﬁﬂom L e sy


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

I~

™

SRICAL ITARMONIC ANALYSIS.

WITIL APPLICATION TO SPI

¢eco00- | 00F900- - 1052€0- GeELIT- — CO0¥95- | R0FEEH- — 608a6F- 11 =20
i M L H B
901800~ — £6£990- 66195%- — CTLE6e- 18908 — 618790~ | 0TS16E- 1 =0
920200 — Z9£0z0 - 69160 — CHEFFG- 10946%- - | IGIEIS- | 6
9T9CF0- COCFET . — Z19607 - TEGTLT- — 9¢1¥0%- — 0Z9L60- | 699103- I
- 9R1¢50- FFOLGT - — GESFLE - FEVL98- — | @PL080-— | TSE06G- 6 L=0
— — 169200- | L&CT90- - PPeCIG- | S890€F- - 6GEREC- )
| !
| | m
CROCFL . — ZFE9TF- COZIEE- — | SFC9LI. — 9090£0- — 103060 - T160eT- 1
— LE9ETT- — 062H3¢ - RCEBIE- — FIQLET - — 091260 61CCRT - 6 om0
— - 996810 — 8L091E- 806857 - — SF1CF0- LL1ESE- A .
— -— $CARE0 - — 9GeILT. | C1E8EF- - 980116 - g
96C10¢ SE1E0¥ - — LL0%20- — ¢0GI10- 816120- 605510+ PEFQLO- | IL .
— 1€710G 908¥5¥- — 696870 — $120C0- C68260- 6¥FCOT- | 6 =
— e QEEEFE - 0GG6¥F- — 908900 - CICZEl- eplecr- | L L og=o &
- — — SFCI6T - QGER9F - — GR6]F - 86£6CT - G
- — — — GL9%01 - C6901F - — GF0919- g
o w
FQRRGF- — 910CFG - €76020- 1€4150- 8621€0- ¢969%0- 6£1950- I
— 0¥6Ceh - — £GC0GE- 991G20- 985970 ¥61950- | CFEFE0- 6
— - CCFIGF- — 1GE6CE - £59ER0- ¢10e¢0- | IZ16¥0- L [=o
— — — 16L6TF- — T98C LG - ZTCR60- L18820- g
— — — — €C9L68- — €ZI8IE - 1906GT - ¢
— — — — — 1800%¢ - — CL10%9- I
) | L |
1 | 01 '3 9 ¥ | g 0 cd fu A_
H i |
W 3
(&)
- . 3
“rlp g soo mﬁi.‘ Y= n—TA w1avy], m
> 40 T 40
/A%N ALIIOOS SNOILDVSNVYL %{\ ALIIOOS SNOILDVSNVYL
TVAOY dH.L 1vDIHAOSOTIHd Yy TVAOY AH.L 1vDIHdOSOTIHd


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

FINITE INTEGRALS,

DE

Vi

JN SOMI

)
v

SCHUSTE

/
pa o

ISSOR

n
V]

PROF

218

| i
. 8£€E00- — 666150 #8420 — 109F61- €8G08E - — ¥70L9% - | 1 Gl=o |
[ # :
18¥THO- 98€G91 - ~ 8L9T¥¢- 179848 — 883011 - Bagees. W A
| €F0100- — 9L¥110- 6LELC0- — YEIGLT- 69G¥¥E- — L6187 - . 01
L 9cee9T- - Ge09LE - $LL00€ - — LG¥860- — BI6EGT- IPLIET | el
. 08¢¥I0- 889€0T- — L9%00€ - 996017 - — 030891 - 19355 - ! 0T | 8=wv
— $96£00- 49¢€0- — 9695F1 - 196EEE- — CEV66¥ - | 3 |
- |
9€£09€ - 981T€E - — 116¥01- — 829207 - £eavet- 874890- | el
919620 — 52606 - 10896€ - — 99¢0710- 610605 - 09TO0TI - 01 9=
— 16FEF0- ~ 789855 - 0G¥8GF- — LG1ETG- 1£9305 - 8
— — 098710~ — 160701 - 9061 - — 90105 - 9
08€9¢¥ - — 166060 - £68L0T- €BECII- £€€6.0- LLE8E0- gl
88€€0G - 90GEF - — ¢87610- 9¥6ECT - 118051 - T1E¥70- 01
— 001691 - 1996€¥ - — G069LT- LILL6T- 970820- 8 y=o
- — ¥6L0E1 - 120907 — GBBOTE - YBIFIT- 9
— _ — — 16FH0- Y4G6LG- — 60GFFG- ¥
i
GL8YIE- - Ee¥660- 810%¢0- 190E£0- €62410- 1$8900- | a1
. 6930LE-—  g6gIes. BEY0T10- 818€40- 689L30- %9800 ! 01
: — - soL¥ce. - 80L¥CE - 171601 - 0196%0- £88¥10- 3 .
H — | L1908¢€ - — 6GL06¢ - 906011 - 9200£0- 9 ¢
| — m - — LG188G- — GLLESY- 655680 - ¥
| — | — — GT1061- ~ GFe0Le- &
9TLE0E- — | 9910%0-~ G981€0- — 9€1910- — e¥800- — 969500 - et |
6C1FE9- - 16£00€- — LT1890- — 067650 — B69ET0- — LE0¥00- or |
— 9g6¢€9- 0LL96%- — 766290+ — 70650 — 816900 S |
— | — B188€9- 69£06- — 710860+ — L38ET0- 9 0="o
- ! - — 1LE7¥9- L1T9L3- — 9T89£0- ¥
— - — €138¢9- 9Be61G- G
— H — — — 86£C8Y- 0 |
1 m 6 ‘1 g g 1 e :
“ i

.OAbﬁN”bw

W/ ALld1D0S

-1

d.ll
=0 {rpgdws ;g %
1+

40

SNOILDVSNVYL

V TVAOY IHL IVDIHOSOTIHY

—2 = w—"TIA IAV],

AL@ ALIIDOS
<\ TVAOY dH.L 1vDIHIOSOT1IHd

40

SNOILDVSNVYL


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

219

WITH APPLICATION TO SPHERICAL HARMONIC ANALYSIS.

|
G0GE00- —  ° 910CE0- 0L00T1- — 9LTCLE- FOLGTF- — 112086 - T ol=»
i |
0£60%0- 6ecLer. — 8€89F¢ - 811¥9¢. — 046800- 6CTTCE- I |
— 6£9800- 111690 — 6¥58EE - FOOFIF- — 1£829¢ - 6 8=
: |
08G980- — | 9C6LEE- 18EC9€8 . — 1998¢0- — $95121 - I¥81CI- I
— . G9I8C0- — 61LELT- €78067V - — 887601 - 70G6€E - 6 9=
— — 91,1820 — 6G9GLT - 1L880% - — 1.8G0F - i
FCEOEE - . 60C0FF- - 69£970- Z9C6TT - €EE61I - 061890- 1
—  LLFSSI- 9LFEFT- — 9G61CT - 06ELLT - . 698011 - 6 e
— | — GELOFT- 60685F - — 91ESTE- R91E0 - L P=e
— W — — 165060 - 18T19¢- — e8F1CE- ¢
981928 - - 0EFEEe - LISTOT - 9€%¥20- GFH020- ¢L6€10- 11 o
— CFEE9E . — CI8TFE - 928901 - 964590 - 110€G0- 6 =
e — LITHFG - — 8860 ¢ - G69011- eIEEF0- L g=o @
— — — L6LG1E - — GIOLTF - 99Z¥01 - ¢
— — — — 96F1CE- — 96620C - ¢
£00EE9- . 89910¢- — 098690 — 188080- — | OT¥CIO- — 8€9900- — 1
-  geeteo. 108865 - — 0€6490- — Z8GLE0- — 026010 — 6
— — I8T12£9- $80F6% - — 186590 — $6050- — L _
— — Gro179- 806787 - - 79180 - ¢ 0=*
— — — - Q9L6FY- 974685 - — :
“ — — — — — GLT089- I
: el 01 O 9 N F gz vt
. D, ¢ 0 3 . =r wa ’
0< 0o yg="1="0% ‘rpgdusing .' S S—TIIA @1av],
1+
> 40 T 40
Ve 2], SNOOVsNva WV vxon 251, Shoudvsva
TVAOY dH.L 1vDIHAOSOTIHd Yy TVAOY AH.L 1vDIHdOSOTIHd


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

PROFESSOR A. SCHUSTER ON SOME DEFINITE INTEGRALS,

220

*0ATIRSaU ST 44 010TM POJIASUL U0a( ST USTS SIUTW YT,

Z6££99T-8 — GOFELIS- & 1L9FE1E-6— G6L5F9C- 6 6Z0LL6C-6—  FOFCCHE-6 el [1=o
77957968 9888EFT - 6 — 5GE996C - 6 LT0T8EG-6 — LPITE6E-6- | GE9L9EE-G 1 6=
0668899 2 — QIFIEEY . 0L96GIE-6— T096E7G- 6 ¢I¥1€69-6— | IS¥IG6E-6 ) m
i w , ,ﬂ !
| | |
FFGLYEY -6 — ¢8€6509 -6 GITILF6-8— |  FGS6EEE-6— G6IFE9S-8 —  GOLFGIT-6 a1 |
£9€897¢- 8 G997 L6 - 6 — PEYEF09 - 6 LOSF65F -6 — 99681816~ | 180€696-6 | 01 L=o |
— 889100z - & 8995CF0 - 6 — 886110¢-6 QOZELFY-6 — 896297€-6 N
A ......... i .
09¥08%9- 6 | 9689.88-6— | CO6EEFE-6— | L000408-8— | LGL8099-8 8€80TF0-6 1 ,
LG09€TT 6~ 17048096 . S¥EELEY-6- | CICHEEE-6 - BELEEO0E - S GILVSFI-6 01 — b
— QGOGELE - & — 798619G- 6 . SBIETLI-6— QT6EGLS -8 — QGEEELE-6 N -
— — GETI9T1L-8 — £€8G0TT -6 . 8GG8C99-6 — £€8C01F-6 9
| , | e
| CBELE6C-6- | SOSF606-S—  GOT9ECT-L— 00G6€45-8 £904992 -8 LLP9168-8 z1
- L080£97 -6 8004GT9-6— G9FIG0S-8— 8675 -8 9Z86FS -8 . ¢PII996-8 01
H — Z0GESTF -6 COSG6TL-6— GeFE6ET -8 — 8996906 - 8  I8CFE80-6 g g=o
: — — OFEEETE - 6 1699€99 -6 — 96968LL -8 . 6€809GG-6 9
— — — G0GGL8T -6 PIL9799-6—  GOSESST-6 ¥
_ |
. 1169¢8¢-6 1€E9TH8-8 EE9EF09 - 8 €eTLOLY - S 920026¢ - 8 . C0¥509¢-8 1
69860€9 - 6 — 09%9£6¢ - 6 04715988 5865079 - 8 67GE95¢ - R  €8819L7-8 0t
— RITELEY -6 — 164707 -6 1BSGE6S -8 0962698 . SETI8I9-8 N =0
— — €CRETE9 -6 — L0609GY -6 F696.76- S  FI¥S108-8 9
— — — 26600196 — B1L6E97-6  ©1£0990-6 ¥
— — — — CCF008¢-6— | GCFO0SS-6 &
: |
11 6 ‘L ‘G ¢ i vd f m
._”ln
rp gd $00 mﬁﬂ; %1 ol = 4 So—XT @I4av],
40 40
/U«L<N ALIID0OS cyonsvsnvaL /@N ALIIDOS snousvsnval
TVAOY dH.L 1vDIHAOSOTIHd TVAOY dH.L 1vDIHIOSOT1IHd


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

221

RICAL HARMONIC ANALYSIS.

hl
3
.

WITH APPLICATION TO SPHI

*9ATR3AU ST U7 9I0YM POJIASUL USA( SLY USLS SUUL DY,

$900L%4-9 LISTO0R-L— | F02€97C.§ . T6E7690-6 — - OTI9TGF-6  OTEASEY-6—  ¥RLOE6I-6 11 I1=2o
w | W | .
: | o W -
FE18806- L — 9TGTEE8-8 . L06¥FCE-6— . EE6IC6S-6 €09698F-6—  FEOBLIS-8 GFIICYF-6 11 6=
— €61880¢-L— | €6ISS0E-8 | SIE0G96-%-— | 90008866 9860T£9-6— . S6IF0IL-6 6 !
m N L
LE116¢9-8 GRICOLE-6— « FO9TEI-6 LGETTFE-6— | FOSGIIE-6—  €ILG09L-8  £6£970%-6 11 |
— 0¢9TI0F-&  OZG0O96T-6— 99£8€ G- 6 819199¢.6 17789168 | 18L659F-6 6 L=0
— — . €746988- L €59068. -8 — €EEIEEE-6  €COIFE9-6—  STLOIEL-6 )
LETFE9T-6— LGFE619-6 CCT6FFE-6— | SE9S9FC-6-  9908GSF-S— | GIFEC96-8 | GEEEIEl-6 1
— 00R9TC0-6 — 162978¢C- 6 18.2F0¢-6 — |  FY6E6ET-6—  16C£L96-8 168€89% - 6 6 oeo
— — 1C6¥¢98-8 — L6EL667-6 | £99£6E9-6—  LIF9FCY-8 L1GS0GT -6 L - ”,
— — | CIL9GCT-8-  8TG8EEE-6  8CILIE9-6-  GT0LIGL-6 g
€OEF6LT -6 0F9EF09-6— ' ¥8L9698-8— = TFOF6F0-8  0SISGIL-S | 06808¢8-§  1809F68-8 I w
— [CCTEFT - 6 C6L9LG9-6— = TLE8689-8— 86G800L-8 | ¢F66L96-8  1&F0EE0-6 6
-- — C16198¢-6 G6G¥EC9-6— Ze166¢8-L | LL81880-6  SLB0OYSI-6 L g=0
— - — 8115%8%- 6 08¢70L9-6— | €€€I€LT-6  991GLOF-6 ¢
— — — M — 68CFII0-6 6SICEI9-6— | COTI6RL-6 ¢ :
86£62€9-6— |  LT0S68¢-6 80160¢8-8 819F029-8 1629S6T-8 | SL6LOCT-R FF6C0TF -8 o
— 0SF£659-6 — 0663S6¢ - 6 €0G0928- 8 6991999-8 | ¥GSLE9C-8 1618¢6¢-8 | 6 |
— — 08CLTEY-6 — 9868¢1F-6 07L89T6-8 | LESFOTL-8 LF92169-8 L [=0 |
-— — — G1819T9-6— 668907F -6 61ECE66-8 6129963-8 | ¢ W
— — W — — 9F0G66¢- 6 9¥6G20C - 6 9¥9¢102-6 = ¢
— — | — — | — ~90691€¢-6- | 9029T€R-6 1
w - — E— W W
| L
1 01 m R 9 R T , 0 od e
M | | !
a Hl D
p gd s00 Ay ) .m% Sop = in Sorp—x @1avy,
+
5 10 T 40
M{\ ALIIOOS SNOILDVSNVYL %ﬂ\ ALIIDOS SNOILDVSNVY L
 TVAOY IH.L 1vDIHAOSO1IHd Yy TVAOY AH.L 1vDIHdOSOTIHd


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

PROFESSOR A. SCHUSTER ON SOME DEFINITE INTEGRALS,

222

*9ATIRTOU ST “i OIOYM POLIDSUL USD( SBY USIS SLUTW O],

EPSLSFC-L— | CEE69EE-S Q90Z168-8 — 69F1682-6  F6IFFFC-6— = 18CE699-6 1 gl=o
1098419-8 9LFCOTE-6— | €LI9IEEC.6 €8664.8-6 — F0SGEF0-6 | OFSES9E-6 A | op=o
0%8¢810- 2 — 9912620-8 998G/ -8 — 6198G€G-6 | 6L689EG-6— | 6IG0ERY-6 01
LETE6EG-6 — G1CECLT-6 90F58LF -6 — ¢RFCE66-8— | 096948E-6  9IGLEIL-6 1 |
8094018 LLGLCTO0-6 — L1BLLLT -6 0L08€19-6 — 109€C5G-6 | FPCELIE-6 01 H g=0
m — 8R01R6C- €1CEECe.8 — CIIF¥CI-6 188EEEC-6—  £61¥869-6 8 |
120L9¢S-6 €EL008C-6 — ££580C0- 6 — Z169C10-6 €6L1880-6  L966¢€8-8 Al d
10601988~ | 129L06F-6 6CLER6C-6 — 1926£80- 8 011£02€-6 ZFZ0GF0-6 o1 | g=o
—  F669L£9-8— ZGET6SE - 6 Q6981€9-6 — $188C8¢ - 6 190490€-6 Q L
— — | LBGOGLI-8 - L0G1L10-6 0GHGF6F -6 — L0609TL-6 9
| GP986€9-6- | LCEPL0E-8  GE66EED-6 £69%080-6 = L¥O¥668-8 QCEF1CH- S a1
| 8eleEIS-6 | 09099F9-6— | €€8G006-S €066981-6 | 69ZIES0-6 CILFRF9-8 01 W
— . CPPISEE-6 . SLITSF9-6- 00FLL¥G-6 | LTF096%-6 $GOLE6S- R 8 C F=o
- — LF614180-6 1609809-6 — | LE9LIEG-6 €e6¥916-6 9
— | —- — £G009€L-8 | GOLGFEF-6- 29009¢L-6 | ¥ |
— |
LE€T86¥-6  €IECLE6-S 18108¢L-8 910090G-8 | GLLEOTG-R | FIO9EVL-L 1
FLIC89C-6—  LEIGOGS-6 $9GE8T0- 8 SEIFIEL-8  GIO0GGFF-¥ 1169986-L . O ”
— | R0.86FC-6 - Q0L86¥C-6 G186L£0-6 | 8¥99¢69-8 1989241-8 8 | g=o
— m — ZCRE6TC-6 — 6GL816G-6  OF0EE¥0-6 . 93E6LLY-S8 9 :
— " — — | @F8eeCh-6- | 8LL8EG9-6 . GIICCI6-R ¥
— — — — 9CT06LG-6— | 69€199L-6 z
COEOTRT -6 — £8186¥3-8— 651EE0C-8 — 09798EE-8~ | G9L09%6- L - TS6TFIF- L — Al ﬁ
7861708 -6 0189LL¥-6— 9€904£8-8 — 898069 -8 — LF6EEET -8 — 6900909 L — o1 |
— 0£1F£08-6 QETIFELY -6 — FROFFIL-8 — 0292968 -8 — CTI66E8- L — 8 |
— — 9¢28C08-6 | 6096G9F-6 - 6086898 — 91ELOFT-S — 9 L 0=o
— — — 2690608 -6 CE60TFF-6— | GIE099C-8 — ¥ |
— — — — 29098186 6FSFIFE -6 — z H ;
— — — — L= 66302686 0 |
o o o ) |
| | | ,
W ‘1 6 _ L ¢ K ! 1 Lod tw ”
| w | | m W
1=rp 257 .
D<o =" 1=" " 1pgdsoo %‘Hm mﬁ, = So[—"TX @IdVv],
1+
5 40 b 4 40
M{\ ALIIOOS SNOILDVSNVYL %Aﬂ\ ALIIOOS SNOILDVSNVYL
 TVAOY IH.L 1vDIHAOSO1IHd Yy TVAOY AH.L 1vDIHdOSOTIHd


http://rsta.royalsocietypublishing.org/

Downloaded from rsta.royalsocietypublishing.org

223

TO SPHERICAL ITARMONIC ANALYS]

APPLICATION

WITH

*DATIRSAU ST ,§ 9I9M PONIISUT UOD( SBY USIS SNUIW O],

|
QL1586 - L — 8115868 -8 FOL9TFO-6~ | FOI96ET-6 11046196~ ALI6LSIG6 i1 | or=o
R L - | w
6992035 -8 L9GTSET -6 — R9Z10¥G-6 . L8G0G9G-6 - 1064526 L 10886666 o g=o
— LGCHIEE - L FOVG6E]-8 — Z61829¢-6 1969L19-6 — LTH96C¢-6 6
BF9CLEG-8 — G6988EG - 6 1$6929G-6 — | 8CGC9L9L.S — 00£9961-6 006€181-6 T :
1$99F9L-8 — $COLLET - 6 COBT#39-6 — $G9£6€0- 6 FEIL6LE-6 6 9=20
— - €8206F-8 — 968TLET - 6 £991209-6 — €991¢09-6 | ) |
LFE6ETE - 6 1F96EF9-6 — 11€6999-8 8CLFEIL-6 5092920-6 GCELEES-8 1 W
- 069GGLZ-6 00489%9-6— . 1308980-6 _ = 00S6S¥G-6 T0TSF#0-6 6 ey |
- e 0CZ2991 -6 ZC9LEEY-6—  CF00S6E-6 . GFUSLOE-6 . !
— — — 9119¢¢6-8 | CIEALES-6- | 9IFOFCI-6 g ,
0898CLG- 6~ ¢1G¥80C- 6 6818200+ 6 TGSEFEL-8  © 9RTCEST-S | SOFECFI-N I
— 996109C- 6 — 11986666 11118606 €¥C605L-8 | F&E619¢-8 6 !
- — €90296G- 6 — 016889¢-6 I8Z1¥70- 6 6579929-8 L =0
— — — GEITI6F- 6 — 6003029 - 6 0TFI810-6 g
—- — . LFEC00¥-6— . LF9GTOL-6 g
06FLT0%-6 L6EC6LT -6 — 38GGTFR-8 — ZTF888F -8 — GIIRLET -8 — 80C0CES- L — 1
— LI¥LE08-6 1GSECLY -6 — £G9G158-8 — L0G90TF -8 — 09050%0-8 — 6
— 6595708 - 6 60,789 -6 — 0990968 — LEE6LIE -8 ) 0=
- — — 89889086 CFOLVGT-6 — £91¢904-8 -~ G
- - — 6SSFEIS - 6 6STET1T -6 — ¢
— - — — 90292€8-6 T
el 01 3 "9 ¥ c :d fu
o o T[99 o .
<oz =" :1="% ‘1dpgdusiyg b < 80] = ;8 So[—'TIX HTaV],
1+
3 40 Y 40
M{\ ALIIOOS SNOILDVSNVYL %Aﬂ\ ALIIOOS SNOILDVSNVYL
 TVAOY IH.L 1vDIHAOSO1IHd Yy TVAOY AH.L 1vDIHdOSOTIHd


http://rsta.royalsocietypublishing.org/

